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We present a simple formula that allows to calculate the value of the inflaton
field, denoted by φ, at the scale with wavenumber mode k. In the extreme case
of instantaneous reheating φk is calculated exactly and all inflationary observables
and quantities of interest follow. This formula, together with the fact that the scale
factor ap at the pivot scale wavenumber kp = 0.05/Mpc lies in the radiation era,
allows the development of a diagrammatic approach to study the evolution of the
universe. This scheme is complementary to the usual analytical method and some
interesting results, independent of the model of inflation, can be obtained. As a
concrete application of the ideas developed here we discuss them with some detail
using the Starobinsky model of inflation.
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2I. INTRODUCTION
There have been several recent attempts to establish constraints on inflationary models
[1], [2], [3], [4], particularly during the epochs of inflation and reheating, with varying degrees
of success [5] - [18]. For reviews on reheating see e.g., [19], [20], [21]. Here, we present
a simple approach where the inflationary epoch is precisely determined by constructing an
equation for φk, the value of the inflation field at the comoving Hubble scale with wavenumber
mode k ≡ akHk which we set equal to the pivot scale kp. We use kp = 0.05Mpc where most
parameter values are reported, in particular by the Planck collaboration [22], [23]. Once we
have determined φk all inflationary quantities of interest follow. The outline of the paper is
as follows: in sections II and III we establish general results which then apply to a particular
model in Section IV. Section II provides a brief discussion on the obtention of the φk-equation
an establish it in Eq. (4). Section III studies the reheating epoch where formulas for the
number of e-folds during reheating and during radiation domination are given as functions
of the reheating temperature. Also bounds for these quantities are found for the minimal
reheating temperature Tre ≈ 10MeV as required by nucleosynthesis. Section IV contains a
study of the Starobinsky model along the lines described above. This is done in the ωre = 0
case, where ωre is the equation of state parameter (EoS) during reheating. We also compare
the diagrammatic approach with the usual study of analytical expressions and show how both
procedures give essentially the same results and complement each other. In Section V we solve
exactly the case of instantaneous reheating for the Starobinsky model. Finally, Section VI
contains the main conclusions of the paper.
II. THE INFLATIONARY EPOCH
We work in Planck mass units, where Mpl = 2.4357× 1018GeV and set Mpl = 1, the pivot
scale wavenumber kp ≡ apHp = 0.05 1Mpc , used in particular by the Planck collaboration,
becomes a dimensionless number given by kp = 1.3105 × 10−58. This can be compared with
k0 ≡ a0H0 = 8.7426 × 10−61h. To find the value of ap and from there the number of e-folds
Np0 ≡ ln a0ap from ap up to the present at a0 we solve the Friedmann equation for ap
kp = H0
√
Ωmd,0
ap
+
Ωrd,0
a2p
+ Ωdea2p , (1)
where Ωmd,0 = 0.315, Ωrd,0 = 5.443×10−5, and Ωde = 0.685. To calculate ap we have to specify
h for the Hubble parameter H0 at the present time, we take the value h = 0.674 given by
Planck. The solution of Eq. (1) is ap = 3.6512× 10−5 from where we get Np0 = 10.22 for the
3number of e-folds from ap to a0. Thus, ap < aeq ≈ 2.97× 10−4 where aeq is the scale factor at
matter-radiation equality and kp is inside the radiation dominated era. This allows to fix the
radiation line of EoS ω = 1/3 and slope m = −1 passing through the point (ln(ap), ln(kp))
(see Fig. 1 and reference [24] for a thorough discussion of the diagrammatic approach).
Defining Nke = ln
ae
ak
as the number of e-folds from ak to the end of inflation at ae, Nre =
ln are
ae
the number of e-folds during reheating , Nrd = ln
aeq
ar
during radiation and Neq0 = ln
a0
aeq
from matter-radiation equality to the present, it is easy to show that the number of e-folds
from reheating plus the radiation dominated epochs can be written as
Nre +Nrd = Nke +Nre +Nrd −Nke = ln[aeqHk
k
]−Nke , (2)
we see that the r.h.s only depends on φk, the value of the inflaton at k (and also of parameters
of the model, if any). The equation which determines φk is
Nre +Nrd −Npeq = Nep , (3)
where Npeq ≡ ln(aeqap ) ≈ 2.1 is the number of e-folds from the pivot scale factor ap to mater-
radiation equality at aeq and Nep ≡ ln(apae ) is the number of e-folds from the end of inflation
to ap at the pivot scale. This equation can also be written as k = kp or
ln[
apHk
kp
] = Nke +Nep . (4)
Solving Eq. (4) for a given Nep requires specifying a model of inflation; Hk and Nke are
model dependent quantities. Thus, after finding φk, we can proceed to determine all infla-
tionary quantities like the scale of inflation, Hubble parameter Hk, tensor-to-scalar ratio r,
spectral index ns, running α, etc. Notice how the determination of φk requires not only the
knowledge of the present universe through quantities like Ωi,0 and H0 but also of the early
universe through the scalar power spectrum amplitude given here by As and contained in
Hk =
√
8pi2kAs where k is the slow-roll parameter  ≡ 12
(
Vφ
V
)2
at φk.
An equivalent way of obtaining Eq. (4) is by connecting the epoch when the scale of
wavenumber k left the horizon during inflation to the pivot scale at kp where we measure the
horizon reentry of precisely the same scale. This can be expressed by
ln
(
ap
ak
)
= Nke +Nep . (5)
Multiplying the term inside the parenthesis above and below by Hk and setting akHk ≡ k =
4FIG. 1: The radiation line (EoS ωre = 1/3 and slope m = −1) is fixed on the pivot point with
coordinates (ln(ap), ln(kp)), where ap is the scale factor determined on the pivot scale. The
inflation line (EoS ωre = −1 and slope m = +1) is fixed by determining the total number of e-folds
Nke +Nep = ln(ap)− ln(ak) along the line ln(kp) (see discussion in Section IV). These fixed lines
constitute a framework on which measurements can be carried out and the number of e-folds
determined between any pair of points on the diagram. Once the diagram is connected by a
reheating line joining the inflation with the radiation line (see Fig. 2) a diagram of the evolution of
the universe has been constructed where measurements of intervals and location of points can be
carried out with accuracy.
kp ≡ apHp we get again Eq. (4).
In general we can numerically solve Eq. (4) by requiring agreement with the data e.g., for
an spectral index ns = 0.9649 ± 0.0042 and tensor-to-scalar index r < 0.063; this fixes the
range of values Nep can take. We can parameterize Nep by Nep ≡ αNke where α is a positive
parameter around 1 such that when α = 1 Nep = Nke and the diagram is perfectly symmetric,
from ln(kp) upwards, around an axis passing through the vertex V (see e.g., Fig. 4). This case
corresponds to instant reheating for any ωre (see discussion in Section V). For α > 1 then
ωre < 1/3 and Nep > Nke and when α < 1 then ωre > 1/3 with Nep < Nke. In Starobinsky
model the range 0.9607 < ns < 0.9691 implies 1.275 > α > 0.774.
III. THE REHEATING EPOCH
Having specified a formula from where φk can, in principle, be obtained and from there
all relevant quantities characteristic of the inflationary epoch we now turn to the reheating
era. Assuming a constant equation of state parameter for any ωre during reheating the fluid
5equation gives ρ ∝ a−3(1+ω) from where the number of e-folds during reheating follows
Nre ≡ ln
(
ar
ae
)
= [3(1 + ωre)]
−1 ln[
ρe
ρre
] , (6)
where ρe denotes the energy density at the end of inflation and ρre the energy density at the
end of reheating. This quantity is given by ρre =
pi2gre
30
T 4re and gre is the number of degrees of
freedom of relativistic species at the end of reheating. Assuming entropy conservation after
reheating
gs,reT
3
re =
(
a0
aeq
)3(
aeq
ar
)3(
2T 30 + 6×
7
8
T 3ν,0
)
, (7)
where T0 = 2.725K and the neutrino temperature is Tν,0 = (4/11)
1/3T0. The number of
e-folds during radiation domination Nrd ≡ ln aeqar follows from Eqs. (6) and (7)
Nrd = −3(1 + ωre)
4
Nre +
1
4
ln[
30
grepi2
] +
1
4
ln[
ρe
T 40
] +
1
3
ln[
11gs,re
43
] + ln[
aeq
a0
] . (8)
Combining Eqs. (2) and (8) we get an expression for the number of e-folds during reheating
Nre =
4
1− 3ωre
(
−Nke − 1
3
ln[
11gs,re
43
]− 1
4
ln[
30
pi2gre
]− ln[ ρ
1/4
e k
Hk a0T0
]
)
. (9)
It is convenient to rewrite this equation in the form
Nre =
4
1− 3ωre N¯re , (10)
where N¯re is the term in the brackets of Eq. (9) and is independent of ωre. A final quantity
of physical relevance is the thermalization temperature at the end of the reheating phase
Tre =
(
30 ρe
pi2gre
)1/4
e−
3
4
(1+ωre)Nre . (11)
This is a function of the number of e-folds during reheating. It can also be written as an
equation for the parameter ωre, using Eq. (10)
ωre =
1
3
+
4N¯re
3
(
−N¯re + 14 ln[pi
2 gre
30ρe
Tre
4]
) , (12)
6from here we can rewrite the equations for Nre and Nrd as functions of Tre and ns and of Tre,
respectively
Nre = N¯re − 1
4
ln[
pi2 gre
30ρe
]− ln[Tre] , (13)
Nrd = ln[
aeq
a0 T0
] +
1
3
ln[
11gs,re
43
] + ln[Tre] , (14)
from where we see that Nre+Nrd is Tre independent, equivalently ωre independent. As shown
in Eq. (2) the sum Nre + Nrd only depends on φk, the value of the inflaton at k (and also of
parameters of the model, if any).
IV. THE STAROBINSKY MODEL: THE DIAGRAMMATIC AND THE
ANALYTICAL VIEWS
The potential of the Starobinsky model [28–30] is given by [31]:
V = V0
(
1− e−
√
2
3
φ
)2
. (15)
From here we calculate the number of e-foldings from φk up to the end of inflation
Nke = −
∫ φe
φk
V
V ′
dφ =
1
4
(
3e
√
2
3
φk −
√
6φk
)
− 1
4
(
3e
√
2
3
φe −
√
6φe
)
, (16)
where the end of inflation is given by the solution to the equation  ≡ 1
2
(
Vφ
V
)2
= 1 at φe:
φe =
√
3
2
ln
(
1 + 2√
3
)
. The Hubble function is
Hk =
√
8pi2kAs =
√
32As
3
pi
e
√
2
3
φk − 1
, (17)
where k is the slow-roll parameter  at φk and the scalar power spectrum amplitude is
As = 2.0991× 10−9. From the equation for the spectral index ns = 1 + 2η − 6 the solution
for φk in terms of ns is
φk =
√
3
2
ln
(
7− 3ns + 4
√
4− 3ns
3(1− ns)
)
. (18)
In this section we also study how to fix a diagrammatic framework using Starobinsky model
of inflation as a working example. First we notice that in a diagram lines are associated with
7an EoS ω as well as with a slope m. The relation between them is given by
m = −1 + 3ω
2
, (19)
Thus, the line representing radiation is given by an with EoS ω = 1/3 and slope m = −1
and fixed by the scale factor ap lying in the radiation era. The inflation line (EoS ω = −1
and slope m = +1) is fixed by finding the total number of e-folds Nke + Nep from ak to ap
represented by the horizontal ln(kp) line from ln ak to ln ap in Fig. 1. In the diagrammatic
approach the Hubble function H is assumed constant during inflation (de Sitter universe)
but for specific models Hk is not a constant during inflation. To assign a reasonable value
to H we can solve the l.h.s of Eqs. (4) for the range given by Planck to the spectral index
0.9607 < ns < 0.9691 obtaining
111.15 < ln[
apHk
kp
] < 110.92 . (20)
Thus, a reasonable value to fix the “distance” from ln ak to ln ap would be ln[
apHk
kp
]mean =
111.04. As we see in the Starobinsky model, with the assigned ln[apHk
kp
]mean = 111.04 maximum
departures from constant H amount to a 0.1% of the total number of e-folds from ak to
ap; a mere 0.1 e-fold in this case, this particular example shows the good nature of the
approximation. Thus, the construction described above fixes completely the frame where
the diagrammatic approach is based. Dividing this number (111.04) by the length of the
ln(ap)− ln(ak) segment we find the total number of e-folds per unit length for the Starobinsky
model at k = kp. In this article we do not make bound estimates with the diagrams but only
use them for illustrative purposes (see [24] for a quantitative, model independent use of the
diagrammatic approach). From Fig. 1 we see that to determine the history of the evolution
of the universe according to the Starobinsky model we have to connect the diagram i.e., to
join the inflation line to the radiation line, that (connecting) line will be called the reheating
line. Once we get a connected diagram we can proceed to measure the “distances” between
any two points in the diagram [24]. Thus, to connect the diagram we have to specify one
point in the inflation line and one point in the radiation line or one point in any line and the
slope of the reheating line.
A. The Starobinsky model for the ω = 0 case
As an example we specify a point in the inflation line by calculating the number of e-folds
during inflation Nke for Planck’s lower limiting value for the spectral index ns = 0.9607.
8FIG. 2: The diagram of Fig. 1 is now connected with a reheating line joining the inflation
with the radiation line, for the Starobinsky model of inflation. This has been done by using
the lower bound of Planck’s reported range for the spectral index ns = 0.9649± 0.0042 and
by assuming an EoS ωre = 0 of slope m = −1/2. This is a reasonable assumption because
the Starobinsky model is well approximated in the vicinity of the origin by a quadratic
potential. In any case it is a working example where we can compare the diagrammatic and
analytical methods of study. For an spectral index larger than the lower bound ns = 09607,
the reheating line joining the points (ln(ae), ln(ke)) with (ln(ar), ln(kr)) will go upwards
parallel to itself with the same EoS (see Fig. 4).
From Eqs. (16) and (18) we get Nke = 48.86 at wavenumber k = kp. Because Starobinsky
model is well approximated by a quadratic potential near the origin we choose a line of slope
m = −1/2 corresponding to an EoS ωre = 0. Thus, the diagram is now connected as shown
in Fig. 2 with the following results for the reheating and the radiation periods obtained by
solving Eqs (9) and (8) for ns = 0.9607 and EoS ωre = 0
Nre = 27.04, Nrd = 37.35. (21)
We solve Eq (11) to find the reheat temperature, Tre = 4.4× 106GeV . If we add together all
these results for the number of e-folds we get 48.86+27.04+37.35-2.1=111.15 (we substract
2.1 e-folds because the number of e-folds from ap to the end of radiation at aeq is Npeq = 2.1).
To better understand the usefulness of our diagrams and their relation with the more
standard approach we have plotted in Fig. 3 all the quantities involved as functions of the
spectral index (Nke as given by Eq. (16), Nre as given by Eq. (9), Nrd as given by Eq. (8)
9and Tre as given by Eq. (11)). The figure shows the precise evolution of each quantity as we
move from the lower value of the Planck bound ns = 0.9607 to the value of ns = 0.9653...
where instant reheating occurs (Nre = 0 and Tre = 2.6 × 1015GeV , the maximum possible
temperature), all of this for an EoS ωre = 0. Note that each plotted quantity in Fig. 3 has its
own EoS but we cannot see this in the plot and we cannot see the full plot i.e., how is that all
epochs are connected? This we can see with the diagrams, let us consider the plot in Fig. 4.
The line connecting the points (ln(ae), ln(ke)) and (ln(ar), ln(kr)) represents a vertical cut
through the reheating and radiation lines in Fig. 3 i.e., just one set of points for ns = 0.9607
(one possible universe).
Thus, in Fig. 3 we see the evolution of vertical cuts (possible universes) as functions of
ns. In the diagram of Fig. 4 we also see this by the evolution of parallel lines (all with EoS
ωre = 0 and slope m = −1/2) converging into the vertex V at ns ≈ 0.9653. These parallel
lines go upwards as ns increases from ns = 0.9607, Nke increases from 48.86, Nrd increases
from 37.59, the temperature increases from Tre = 4.4 × 106GeV but Nre decreases from
26.65. At the tip of the figure Nke = 55.6, Nrd = 57.6, Tre = 2.6 × 1015GeV and Nre = 0
(instantaneous reheating), essentially the same values obtained from Fig. 3 at ns = 0.9653....
Each diagram for each one of the infinite number of parallel lines would represent a possible
universe. This behaviour is the same for any other ωre and is not specific to the ωre = 0
case. When ωre < 1/3 the parallel lines (of a given slope) converge at V from the left as
shown in Fig. 4 for the ωre = 0 case, and for ωre > 1/3 converge at V from the right, with
a completely similar construction. In any case we see that the framework bounded by the
inflation line of slope m = +1 the radiation line of slope m = −1 and the horizontal ln(kp) line
remain fixed and this is what makes possible the diagrammatic description in a precise and
quantifiable way. With the analytical description we cannot study the ωre = 1/3 case because
for ωre = 1/3 there is no equation for Nre [14]. However the diagrammatic approach can be
applied without difficulty. The diagrammatic approach can also describe model independent
situations where the analytical equations presented before cannot [24]. We clearly see how
the diagrammatic and analytical approaches complement each other very nicely and should
be studied together (with the help of Eq. (4)) for better results.
B. The Starobinsky model for the Tre = 10MeV case
To conclude this section we find the bounds when the minimum reheat temperature, around
10MeV , is reached. Thus, we solve Eq. (12) for ωre when Tre = 10MeV using the bounds
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FIG. 3: We plot the number of e-folds during inflation Nke as given by Eq. (16), reheating Nre as
given by Eq. (9) radiation Nrd as given by Eq. (8) and the log of the reheating temperature Tre as
given by Eq. (11) as functions of the spectral index. The figure shows the precise evolution of each
quantity as we move from the lower value of the Planck bound ns = 0.9607 to the value of
ns ≈ 0.9653 where instant reheating occurs (Nre = 0 and Tre = 2.6× 1015GeV is the maximum
temperature), all of this for an EoS ωre = 0. Note that each plotted quantity has its own EoS
(ω = −1 for the inflation line, ω = 0 for reheating, ω = 1/3 for radiation, etc.,) but we cannot see
this in the plot nor we can see the full plot i.e., how is that all these epochs are connected to each
other. To advance in this direction we can turn to Fig. 4.
0.9607 < ns < 0.9691 given by Planck. The EoS is bounded as (see Fig. 5)
0.1390 < ωre < 0.6030, (22)
from where it follows that
48.86 < Nk < 62.53, 47.70 > Nre > 33.79, Nrd = 16.69, (23)
at k = kp. We see, in particular, that the ωre = 0 is excluded i.e., we cannot have very low
reheating temperature for oscillations at the bottom of the Starobinsky potential. Note that
the minimum value for Nrd is fixed since it only depends on Tre.
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FIG. 4: The line connecting the points (ln(ae), ln(ke)) and (ln(ar), ln(kr)) represents a
vertical cut through the reheating and radiation lines in Fig. 3 for the lower bound
ns = 0.9607 (the “y” axis). The following line upwards parallel to the previous one and with
the same EoS also represents a vertical cut in Fig. 3 for a sligthly higher value of the
spectral index, and so on. We can think of the figure above as a succession of vertical cuts
in Fig. 3 each with a higher value of ns, Nke, Nrd and Tre but a lower value for Nre. As the
parallel lines reach the vertex at V the number of e-folds during reheating goes to zero and
the temperature reaches a maximum value (see Eq. (11)). This is what we usually call
instantaneous reheating. Thus, in the diagram above we can see at once a succession of an
infinite number of universes (infinite number of parallel lines) with the diverse substances
which drive the expansion of the universe represented by connected lines of varios slopes
(various EoS). This behaviour is the same for any other ωre and not specific to the ωre = 0
case (not specific for a line of slope m = −1/2). When ωre < 1/3 the parallel lines (with
their corresponding slope) converge at V from the left as shown above and for ωre > 1/3
converge at V from the right, with a completely similar construction. In any case the
framework bounded by the inflation line of slope m = +1 the radiation line of slope m = −1
and the horizontal ln(kp) line remain fixed and this is what makes possible the
diagrammatic description in a precise and quantifiable way.
V. INSTANTANEOUS REHEATING
We now study the instantaneous reheating case because it is of some interest and because
we can do an exact calculation. We have seen in the discussion related to Fig. 4 that for
any EoS the limiting case of instantaneous reheating occurs when the number of e-folds
during reheating vanishes with maximum reheating temperature. In this case the diagram
representing the situation is perfectly symmetric from the scale of wavenumber mode k = kp
12
FIG. 5: Plot of the evolution lines during inflation, reheating and radiation for the bounds for ωre
given by Eq. (22) (the lines ending in the rounded up numbers 0.14 and 0.60) for the lowest
possible reheating temperature of approximately 10MeV . In Eq. (23) the bounds are given,
having been obtained by direct measurements from the figure as indicated by the projection of the
lines on the ln(a) axis.
upwards (upwards from horizontal ln(kp) line in Fig. 4), with the radiation and the inflation
lines making a right angle. This implies that, in this case, the number of e-folds from the end
of inflation to the pivot scale is the same as the number of e-folds during inflation thus, Nep =
Nke. For the Starobinsky model the solution to the equation Nre = 0 in the instantaneous
reheating case is φk = 5.364581..., from where it follows that the tensor-to-scalar ratio is
r = 0.00343, spectral index ns = 0.9653, running α = 6.1 × 10−4, scale of inflation ∆ =
7.8×1015GeV , Hubble function Hk = 1.45×1013GeV , Hubble function at the end of inflation
He = 9.65× 1012GeV , reheating temperature Tre = 2.6× 1015GeV , number of e-folds during
inflation Nke = 55.6 and number of e-folds during the radiation epoch Nrd = 57.7 with
Nep = 55.5 for the number of e-folds from ae to ap. Note that Nep is not exactly the same
as Nke as in the diagrammatic approach (again, the assumption of de Sitter inflation by the
diagram) however, the difference is only 0.1 e-fold.
These results are the same for any EoS including ωre = 1/3. The ωre = 1/3 case is interest-
ing because analytically when ωre = 1/3 there is no equation for Nre [14]. Diagrammatically
the ωre = 1/3 case is represented by the line of slope m = −1 joining the inflation and
radiation lines. This does not mean, however, that there is no reheating and that radiation
starts from the very tip at V with instantaneous reheating; that is not what defines radiation.
Reheating surely is a very complicated process to describe, starting perhaps with some non-
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perturbative particle production of an stage called preheating (for a recent reference see [32]
and references therein) and settling in the canonical scenario with the scalar field oscillating
around the minimum of the potential. The scalar field, dominating the energy density of the
universe up to the end of inflation, starts dissipating its energy by interactions with other
fields and decaying into new particles while oscillations occur until a thermalization temper-
ature is reached. After the inflaton has mostly or completely decayed it is when the radiation
epoch starts: a very different era where relativistic particles, as the universe cools down, start
decaying without any possibility of being created a new. As our diagrammatic approach shows
there is no reason why reheating cannot proceed with ωre = 1/3 as in all the other cases (all
the other EoS). The only peculiarity of this case is that the line of reheating and the line of
radiation have the same slope (same EoS). In the diagram it is just one line representing two
very different processes. In any case, for ωre = 1/3 the number of e-folds during reheating is
bounded as 0 < Nre < 40.91 with 57.6 > Nrd > 16.69 and 2.6× 1015GeV > Tre > 0.01GeV
with all the other quantities as in the instantaneous reheating case discussed above.
VI. CONCLUSIONS
We have proposed an equation which allows to calculate the value of the inflation φk at
the pivot scale of wavenumber mode kp, this is given by Eq. (4). This equation is model
independent in the sense that no model of inflation has been used to obtain it. However, its
solutions require the specification of a model through the Hubble function Hk and the number
of e-folds during inflation, denoted Nke ≡ ln( aeak ), for a given Nep. The determination of all
inflationary observable and quantities of interest follows from φk (and from model dependent
parameters, if any). In the instantaneous reheating case we have that Nep = Nke and Eq. (4)
can be solved exactly for any EoS. We have established a clear connection between the ana-
lytical and diagrammatic methods and the simultaneous use of both of them can give a better
comprehension of the phenomena described. We have illustrated our diagrammatic approach
in the ωre = 0 case with the Starobinsky model of inflation as a concrete example. The dia-
grammatic approach can describe model independent situations while the analytical method
always require the specification of a model of inflation. It is clear that the diagrammatic and
analytical approaches complement each other and can be studied together for better results.
The strategy presented here can be applied to any model where Hk and Nke can be obtained.
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